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We introduce and experimentally demonstrate a method for measuring at the same time the mean
and the variance of the photonic orbital angular momentum (OAM) distribution in any paraxial
optical field, without passing through the acquisition of its entire angular momentum spectrum.
This method hence enables one to reduce the infinitely many output ports required in principle to
perform a full OAM spectrum analysis to just two. The mean OAM, in turn, provides direct access
to the average mechanical torque that the optical field in any light beam is expected to exert on
matter, for example in the case of absorption. Our scheme could also be exploited to weaken the
strict alignment requirements usually imposed for OAM-based free-space communication.
PACS numbers: 42.50.Tx, 42.25.-p, 42.87.Bg
Nowadays, the most relevant properties of the optical
radiation can be measured with great accuracy, and es-
sentially all features of light have been used to encode
and transfer data or to realize optical devices. Particular
interest, among the properties of light, has been recently
gained by the angular momentum and the ensuing ro-
tational effects induced in matter, e.g. by the circular
polarization of light or by the optical ray-torsion [1, 2].
These two cases correspond to the natural subdivision of
the optical angular momentum of a (paraxial) light beam
into a spin part (SAM), associated with the polarization
degree of freedom, and an orbital part (OAM), associ-
ated with the phase front structure [1, 3, 4]. In the last
two decades, the OAM technology has advanced signifi-
cantly [5, 6], but it is still lacking important tools. In this
Letter, we tackle in particular the problem of measuring
the mean of the orbital angular momentum of a parax-
ial light beam, together with its variance. The photon
OAM along the propagation axis z can be defined as the
quantum average of the operator Lˆz = xpˆy − ypˆx in a
given state of radiation, where pˆ = −i~∇ is the photon
momentum operator and ~ is the reduced Planck con-
stant [4]. Consistently, the fraction of the total intensity
belonging to the helical transverse modes characterized
by the phase factor exp(ilφ), where φ is the azimuthal
coordinate around the z axis, can be identified with the
probability of obtaining ~l when measuring the OAM of
the photon in that state [3, 7]. The measurement of the
optical OAM is a long-standing and challenging prob-
lem, both in quantum and classical optics. Most existing
methods are actually aimed at measuring either the topo-
logical charge of the field or the power spectrum of the he-
lical modes it contains. The topological charge can be ob-
tained from inspection of suitable interference or diffrac-
tion patterns, e.g. using a multi-pinhole interferometer
[8] or triangular apertures [9]. However, the topological
charge of a wave is not uniquely linked to its OAM con-
tent, this simple identification being valid only for OAM
eigenmodes. The spectrum of helical eigenmodes of a
given optical field, sometimes named “spiral spectrum”,
can be obtained by filtering or splitting the wave accord-
ing to the OAM eigenmode, i.e. using mode selectors or
mode sorters. Typical OAM eigenmode selectors are for
example based on spiral phase plates or pitchfork holo-
grams in combination with single-mode fibers [10, 11],
or more recently on the so-called “q-plates” in combina-
tion with suitable polarization optics [12, 13]. However,
to obtain a complete OAM spectrum, the parallel or se-
quential detection of many different OAMmodes (ideally,
an infinite number) is required. This can be for exam-
ple achieved using special holograms, although with an
efficiency that scales inversely with the number of sorted
modes [14, 15]. A highly efficient scheme, although with
strong practical limitations, can be based on a cascaded
sequence of interferometers [16, 17]. A more convenient
efficient OAM mode sorter was demonstrated recently,
using a pair of custom refractive elements to “unfold”
the azimuthal phase of OAM modes [18–20]. Finally, an
alternative indirect method to determine the OAM spec-
trum is based on measuring the spatial-resolved second-
order field correlations, e.g. using a multi-pinhole inter-
ferometer as in Ref. [21]. The full OAM spectral analysis
of these methods has the merit of returning the whole
probability distribution of OAM and, hence, all the sta-
tistical moments of that observable, including the mean
and the variance. However, given the considerable over-
head arising from the need of measuring a large (ideally
infinite) number of probabilities, it is clear that a tech-
nique to measure directly the mean OAM, and eventually
its variance, without passing through the determination
of the OAM spectrum, could be very useful. Such quanti-
ties, although generally inadequate for fully reconstruct-
ing the distribution, may provide important information
about the source of the radiation field and about the
OAM conservation in radiation-matter interactions. The
mean OAM is also immediately related to the mean me-
chanical torque exerted by light on a medium [22, 23].
Here, we introduce and experimentally demonstrate
2a method to measure directly the first two moments of
the OAM distribution, i.e. the expectation values of the
observables Lz and L
2
z, of an arbitrary paraxial light
beam, while avoiding the full spectral analysis. The
variance of the OAM can then of course be obtained as
(∆Lz)
2 = 〈L2z〉 − 〈Lz〉2. Our approach is based on a po-
larization homodyne detection scheme, working both in
continuous-wave (cw) and in photon-counting regimes,
reminiscent of that theoretically proposed in Ref. [24]
for measuring the whole OAM spectrum. We then vali-
date our method with a series of tests on controlled input
beams of varying OAM distributions.
The principle introduced here to directly measure 〈Lz〉
could be advantageously exploited to weaken the restric-
tions on the sender-receiver alignment typical of free-
space communication systems. It is well-known, in fact,
that 〈Lz〉 is invariant under translations in the xy plane,
i.e. orthogonal to the propagation direction of the field.
Concept of the method. Our method is essentially
based on preparing first two copies of the input beam
that are rotated with respect to each other by a small
angle around the propagation axis, and next letting them
interfere in a polarization homodyne detector. The two
rotated copies are prepared by using a Sagnac Polariz-
ing Interferometer containing a Dove prism (PSID) [25].
The details of the light manipulation are illustrated in
Fig. 1. The base of the Dove prism is tilted by the an-
gle α with respect to the PSID plane. Consequently, the
beams propagating in opposite directions along the arms
of the PSID suffer opposite azimuthal angular shifts of
2α, leading to their relative rotation of 4α. After exit-
ing the PSID, these two ortogonally polarized beams are
superimposed in the final homodyne detection stage, as
shown in Fig. 1. In detail, let E = E(r, φ, z)a be the in-
put optical field, where a = (x+y)/
√
2, x (y) being the
unit vector along the x (y) axis. The output field after the
PSID and the Babinet-Soleil compensator used to adjust
the phase difference δ is E+e
iδ/2x/
√
2 + E−e
−iδ/2y/
√
2,
where E± = E(r, φ ± 2α, z). The field projections
along the antidiagonal and diagonal polarization direc-
tions a = (x+ y)/
√
2 and d = (x− y)/√2, respectively,
are then given by
Ea =
(
E+e
iδ/2 + E−e
−iδ/2
)
a/
√
2 (1)
Ed =
(
E+e
iδ/2 − E−e−iδ/2
)
d/
√
2. (2)
The interference fields Ea and Ed are collected by two
inter-calibrated photodetectors and electronically pro-
cessed to provide the sum and difference homodyne sig-
nals
P0 = Pa + Pd (3)
∆P = Pa − Pd =
∑
l
P l0 cos (4lα+ δ), (4)
where Pa ∝ |Ea|2 and Pd ∝ |Ed|2 are the powers of the
interference fields (1) and (2), P0 is the total power of
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FIG. 1. Schematic of the setup for measuring the first and
second moments of the OAM probability distribution car-
ried by a paraxial light beam. An initially Gaussian beam is
converted into an OAM superposition state using a quarter-
waveplate QWP and a q-plate QP. A polarizer P and a half-
waveplate HWP1 are then used to prepare the polarization
in a linear state oriented at 45◦ with respect to the axes
of the polarizing beam splitter PBS1. This PBS1 is the in-
put/output port of a polarizing Sagnac interferometer, whose
path is closed by mirrors M1, M2, M3, that contains the
Dove prism (PSID) used to rotate the two counterpropagating
beams with respect to each other. At the output of the PSID,
a Babinet-Soleil compensator (BSC) is used to adjust the rel-
ative phase-shift δ. The last stage is the balanced polarizing
homodyne detector HD, with the axes rotated by 45◦ with
respect to the PSID axes through the half-waveplate HWP2.
the output beam and P l0 the power content of the l-mode
in the OAM expansion. In the limit of small α,
∆P
P0
= cos δ− 4α sin δ〈Lz〉 − 8α2 cos δ〈L2z〉+O(α3). (5)
Assuming α to be small enough to allow truncation of
the signal expansion to 2nd order, we obtain 〈Lz〉 =
−(1/4α)∆P/P0 for δ = (2k + 1)pi/2, and 〈L2z〉 =
(1/8α2)(1−∆P/P0) for δ = 2kpi, with k being an integer.
The preselected value of α is set through the goniome-
ter G (±0.008◦) and an accurate estimate for its value
was then obtained by the calibration procedure. Zero-
ing and calibration of the apparatus were carried out by
adopting as standard input the OAM imparted by per-
fectly tuned q-plates [6, 12], for several values of q (with
q ≤ 8), onto the high-quality TEM00 mode generated by
a single-mode cw laser (wavelength λ = 532 nm). The
selection criterium for α is a critical point of the method.
In fact, it sets an upper limit to the maximum value of
l that can be measured within a specified accuracy (up-
per cutoff) and controls the signal-to-noise ratio. For in-
stance, to set the cutoff lmax = 100, maintaining within
1% the theoretical accuracy in the measurement of both
3〈Lz〉 and 〈L2z〉, an α ≈ 0.05◦ is to be selected. Since,
the signal returning 〈Lz〉 is proportional to α while that
returning 〈L2z〉 is proportional to α2, to accurately dis-
cern the eigenstate l = 1, the noise in the signals must be
lower than ≈ 10−5. This requires a very precise control
of the optical path within PSID, which is reflected into
a good control of the noise in the phase retardation δ.
Our experiment was carried out with α = (0.85± 0.01)◦,
corresponding to lmax = 10 and a maximum acceptable
noise in the signals of ≈ 10−3.
Experimental demonstration. In order to validate our
method, after calibration on OAM eigenstates, we mea-
sured the moments 〈Lz〉 and 〈L2z〉 of light beams contain-
ing different OAM superpositions. These beams were all
obtained from a Gaussian TEM00 laser beam using q-
plates (QP) with different charges q, while varying the
following parameters: (i) the polarization before the QP,
(ii) the QP birefringent retardation (i.e., the QP “tun-
ing”), and (iii) the relative alignment of the beam axis
and the QP center. After passing through the QP, the
beam polarization is reset to the 45◦ linear polarization
needed for the subsequent OAM measurement.
When the QP is centered on the beam axis, for each
q the generated OAM superpositions involve just three
OAM eigenstates, i.e. l = 0,±2q. The relative weight of
these three states in the superposition can be controlled
using the polarization input helicity s3 before the QP
and the QP phase retardation θ, the latter being con-
trolled by the QP voltage V . The theoretical expressions
for the first and second moments of the resulting OAM
distribution can be easily calculated and are given by
〈Lz〉 = 2qs3 sin
2 θ/2
1− (1− s23) cos2 θ/2
(6)
and
〈L2z〉 =
4q2 sin2 θ/2
1− (1− s23) cos2 θ/2
. (7)
The (device-dependent) tuning-function θ(V ) is obtained
from an independent characterization of the QP birefrin-
gent retardation [26]. The results of our measurements on
these OAM superposition states are shown in Figs. 2 and
3, together with the theoretical predictions from Eq. (6)
and (7). The agreement is clearly very good, particu-
larly considering that there are no adjustable parameters
in the theory. However, the calibration of the setup is
not entirely independent from these data, as pure OAM
eigenstates correspond to the first two opposite maxima
obtained in the outermost curves at a voltage of about
4.2 V (for which θ = pi and the QP is tuned). In partic-
ular, as mentioned, the precise value of the Dove prism
angle α with respect to the PSID plane was estimated
by matching the measured values of mean OAM to the
theoretical ones in these specific cases.
In order to test the validity of our method in a more
complex situation, we then measured the first and second
moments of the OAM distribution of a beam generated
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FIG. 2. Behavior of the first (a) and second (b) moment and of
the root mean square deviation (c) of the OAM distribution
of the beam prepared using a q-plate, as a function of the
q-plate tuning voltage controlling its retardation θ and for
different values of the polarization helicity s3 before the q-
plate. The two parameters θ and s3, together with the q-
plate charge q, define the specific OAM superposition of states
having l = 0 and l = ±2q = ±6. Experimental data points for
s3 = 1.0 (−1.0) are represented by ◦ (•), for s3 = 0.87(−0.87)
by  (), for s3 = 0.50(−0.50) by ♦ () and for s3 = 0 by
N. The curves give the corresponding theoretical predictions
calculated from Eq. (6) for s3 = ±1 (dotted curves), s3 =
±0.87 (dashed curves), s3 = ±0.50 (dot-dashed curves), and
s3 = 0 (solid curve).
by means of a perfectly tuned q-plate (θ = pi) with q = 4,
for circular polarization input (s3 = 1.0), whose center is
translated off of the beam axis by a variable distance xms.
In this situation, the input beam in the measurement
setup is similar to a Gaussian beam with an added vortex
located at a distance xms from the beam axis. This is not
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FIG. 3. Behaviour of the first (a) and second (b) moment and
of the root mean square deviation (c) of the OAM distribution
of the beam as a function of the voltage applied to the q-plate
to change θ. All symbols are defined just as in Fig. 2 except
for the q-plate charge, which is q = 4, thus giving rise to
superpositions of OAM states with l = 0 and l = ±2q = ±8.
an eigenstate of OAM but is a superposition of many dif-
ferent values of l. In such case, the theoretical predictions
for the first two moments of the OAM distribution can
be shown to be the following: 〈Lz〉 = l~ exp (−x2ms/w2)
and 〈Lz〉 = l2~2 exp (−x2ms/w2), with l = 2q and w the
beam waist in the plane of the q-plate. We stress that
these results are based on setting the origin of the coor-
dinate system in the beam center (and not in the vor-
tex center). Experimentally, this is fixed by aligning the
beam axis with the rotation axis of the Dove prisms in
the PSID. The experimental results for this test are re-
ported in Fig. 4, where they are compared with the above
theoretical predictions, showing again a very satisfactory
agreement.
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FIG. 4. Behaviour of the measured first (a) and second (b)
moment of the OAM distribution of the beam as a function
of the misalignment distance xms between the center of the
beam and the center of the vortex singularity introduced by
the tuned q-plate with q = 4. The theoretical predictions
are represented by the solid curves. The typical experimental
uncertainties on the first and second moment data-points are
±0.15~ and ±1.2~2, respectively.
Conclusions. We demonstrated the possibility of di-
rectly measuring the mean and the variance of the OAM
distribution of a general paraxial optical beam through
a polarizing homodyne scheme based on mixing the in-
put beam with an azimuthally shifted copy of the same
beam. The crucial role played by the actual value of the
angular shift was emphasized and explicitly related to
the accuracy of the measurement, the signal-to-noise ra-
tio, the OAM bandpass and ultimately the optical-path
noise within the PSID. Such a scheme could be of great
help in experimental studies of OAM exchange in light-
matter interaction or to weaken the usual alignment re-
quirements typical of OAM-based free-space communica-
tion [15, 27, 28].
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